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Abstract
The recent results of IceCube Neutrino Observatory include an excess of PeV neutrino events
which appear to follow a broken power law different from the other lower energy neutrinos
detected by IceCube. The possible astrophysical source of these neutrinos is still unknown.
One possible source of such neutrinos could be the decay of non-thermal, long-living heavy
mass Dark Matter, whose mass should be > 106GeV and could have produced at the very
early Universe. They can undergo cascading decay via both hadronic and leptonic channels
to finally produce such high energy neutrinos. This possibility has been explored in this
work by studying the decay flux of these Dark Matter candidates. The mass and lifetime of
such Dark Matter particles have been obtained by performing a χ2 fit with the PeV neutrino
data of IceCube. We finally estimate the baryon asymmetry produced in the Universe due
to such Dark Matter decay.
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1 Introduction
Recently IceCube has reported by analyzing six years of diffused flux data, a number
of events detected at the energy range 60 TeV ≤ Eν ≤ 10 PeV which do not follow the
same power law that the other neutrinos detected by IceCube earlier seem to follow.
In Ref. [1] the authors predicted an unbroken power law fit where γ = 2.92+0.33
−0.29
for the high energy starting events (HESE) for a lifetime of 2078 days. However,
by fitting the νµ data separately for even higher energy track events in the energy
range 105 < Eνµ < 10
7 GeV, which are termed as ultra-high energy (UHE) events,
seemingly large difference in the best fit value of the spectral index was noticed,
which is softer than the HESE best fit γ value. It suggests that there must be a
break in the power law spectrum, hence their source candidate must be different as
the spectral index depends on its source properties. In Ref. [2] the authors analyzed
the six years astrophysical diffused flux data only for up-going muons - the track
events. It was pointed out that there is an excess of events beyond 100 TeV energy
scale. They predicted an unbroken power law spectrum for these track-like events
for which γ = 2.13± 0.30, compatible with the previous assumption for high energy
astrophysical neutrinos. But any possible source for them has not been confirmed
yet [3–7] as the expected neutrino energy distribution disagrees with the observed
spectrum of the UHE excess events. These might be coming from some unknown
galactic or extra-galactic sources or some other exotic astrophysical or cosmological
phenomenon. In Refs. [7–14] a possibility of heavy Dark Matter (DM) decay or self-
annihilation for the production of such neutrinos has been indicated. It has also
been emphasized particularly in Ref. [7] that the possible self-annihilation or decay
spectrum of PeV Dark Matter particle candidate would follow a power law which is
given by dN/dE ∼ E−1.9 and is a softer spectrum compared to the HESE spectrum.
Also, it clearly would not provide a good fit for the lower energy events which explains
the background of the existing tension.
For these neutrinos to have originated from the decay of Dark Matter, the Dark
Matter candidate should be super-heavy so that its decay process could produce such
high-energy neutrinos. In literature, there are propositions about the existence of
super-heavy (SHDM) Dark Matter which are considered to be non-thermal particle
candidates as they were never in local thermodynamic equilibrium with the Uni-
verse’s plasma and also long-lived particles. However, they are metastable and might
go through a rare decay under some favourable circumstances. These Dark Matter
candidates are generally termed as “WIMPzilla”s. They could be produced during
the inflationary epoch due to spontaneous symmetry breaking in the GUT scale via
preheating or reheating [15–18] or by classical gravitational effects [19–21].
In this work, such super-heavy Dark Matter decay processes are considered in
order to explain the UHE neutrinos of PeV range detected by IceCube. These heavy
Dark Matter particles, as shown in Ref. [22] can decay through hadronic as well
as leptonic cascades to finally produce known Standard Model particle-antiparticle
pairs [22, 23] among which all the three possible active flavours of neutrinos are also
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included. This may be mentioned in passing that the Dark Matter self-annihilation
profile is mostly peaked at the centre of the galaxy due to galactic anisotropy con-
straints [24]. But for the decay process, galactic anisotropy constraints are weaker
[24–27]. Although the decay modes are quite model dependent, we adopt in this work
the decay processes and the methodology given by Berezinsky et al. in Ref. [22] fol-
lowing Alterelli-Parisi formalism for QCD cascades. As described in Ref. [22], we in
this work also adopted both the hadronic and leptonic channels of such a super-heavy
Dark Matter decay to obtain the diffused muon neutrino flux for the decay processes
from both galactic and extra-galactic origins. We first calculate the muon neutrino
flux by considering only the hadronic channels of the super-heavy Dark Matter decay
and fitted these results with the given PeV range harder spectrum obtained by Ice-
Cube from their detection of muon neutrinos in that region. This region is designated
by a pink colour band in Fig. 2 from Ref. [1]. From this analysis the best fit value
of Dark Matter mass and decay lifetime have been obtained. We then modify our
analysis by including the decay processes through leptonic channel and by extending
the data-set upto energy 50 PeV. This has modified our fitted values.
We also explore the baryon asymmetry in the Universe from such Dark Matter
decay. Estimation of the baryon asymmetry from the Dark Matter decay time and
mass are described in Ref. [28]. In this work, as mentioned earlier, we consider a Dark
Matter decay to have produced the PeV range neutrinos detected by IceCube and
obtain the mass and the decay lifetime of such Dark Matter decay from the analysis
of the IceCube Data. These are then used to calculate the baryon asymmetry of the
Universe following the formalism given in Ref. [28].
The paper is organised as follows. In section 2, the formalism for computing
neutrino flux from Dark Matter decay is discussed. Also discussed in section 2, is the
computation methodology of the baryon asymmetry for a decaying Dark Matter of a
given mass and lifetime. In Section 3, we furnish the calculations and computational
details. The results are discussed in section 4. Finally, in section 5, we conclude with
a summary and discussion.
2 Formalism
As mentioned before, heavy Dark Matter particles produced in the very early Uni-
verse can decay to highly energetic Standard Model particle-antiparticle pairs. It can
also produce gamma rays. The flux of these decay products are termed as “fluxes at
production”. Further, from these particle-antiparticle pairs gamma ray, electron neu-
trino, muon neutrino, tau neutrino, positron, antideuteron, antiproton are produced.
These are termed as secondary products. These secondary neutrinos suffer flavour
oscillation while propagating towards Earth. So, the neutrino flux observed on Earth
would be a mixed one. Recently in Refs. [23, 29], it has been mentioned that the
UHE neutrino flux which had been observed at IceCube has a galactic contribution
as well, though overall the neutrino flux is assumed to be dominantly extra-galactic.
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So, both galactic and extra-galactic flux for the decay processes must be included in
the calculations and computations.
High energy neutrinos may also be produced from several other astrophysical
sources through the processes involving highly energetic proton accelerating mech-
anisms. Usually, in this mechanism, the protons interact either with themselves
(pp interactions) or with photons (pγ interaction) or both to finally produce the
UHE neutrinos. Such astrophysical sources may include extragalctic Supernova Rem-
nants (SNR) [30], Active Galactic Nuclei (AGN) [3, 31–33], Gamma Ray Bursts
(GRBs) [5, 34] etc.
In this work, we also consider such astrophysical neutrino flux for our analysis
and include the neutrino events detected by IceCube within the energy range ∼
60 − 120 TeV. Recently the authors of Refs. [35, 36] has given a formalism for the
astrophysical neutrino flux. We in this work, follow the same formalism to compute
the astrophysical neutrino flux for further analysis. Therefore, the total diffused
flux for neutrinos consists of three components, namely galactic, extra-galactic and
astrophysical flux as given below.
(
dφν
dΩdEν
)
th
=
dφGν
dΩdEν
+
dφEGν
dΩdEν
+
dφastν
dΩdEν
. (1)
In the above, dφ
G
ν
dΩdEν
and dφ
EG
ν
dΩdEν
have contributions from both hadronic and leptonics
channels of the Dark Matter decay cascade and Eν denotes the neutrino energy and
Ω is the solid angle. Thus, the Eqn. (1) is written as,
(
dφν
dΩdEν
)
th
=
(
dφGν
dΩdEν
)
had
+
(
dφGν
dΩdEν
)
lep
+
(
dφEGν
dΩdEν
)
had
+
(
dφEGν
dΩdEν
)
lep
+
dφastν
dΩdEν
. (2)
For galactic Dark Matter decay, the secondary muon neutrinos are produced. The
differential neutrino flux per solid angle is given by [37],
dφGν
dΩdEν
=
1
4παMX
Γdec
∫
los
dl
dN
dE
ρ[r(l, θ)]. (3)
Here, MX is the mass of the Dark Matter particle and α = 1 for a Majorana-type
particle. In order to obtain ultra-high energy PeV neutrinos, MX ≥ 106 GeV. The
decay width is denoted as Γdec. The integral
∫
los
ρ[r(l, θ)]2dl is known as the line of
sight integral, whereas ρ(r) is the Dark Matter halo density profile which is a function
of position from the centre of the halo distribution. Here we have used the Navarro-
Frenk-White (NFW) profile as it provides nearly accurate result for a large range of
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Dark Matter mass and properly describes the cuspy nature of DM distribution which
is widely accepted. The NFW profile is given by [38, 39],
ρNFW(r) = ρs
rs
r
(
1 +
rs
r
)−2
, (4)
where ρs = 0.259 GeV/cm
3 and rs = 20 kpc.
For NFW profile, the position from the centre of the halo distribution is given by,
r =
√
r2⊙ + l
2 − 2r⊙ l cos θ , (5)
where l is the line of sight distance which is in this case, the distance between Earth
and the Galactic Centre. The quantity r⊙ has been considered to be ∼ 8.5 kpc,
distance between the observer located at solar system and the centre of the Dark
Matter halo. The azimuthal angle, θ ∼ 0.5 between Earth and Galactic Centre.
In Eqn. (3) the neutrino spectrum dN
dE
for channel i is obtained from the simulation
described in Ref. [22,23]. As we are considering super-heavy Dark Matter candidates,
heavier hadronic and leptonic channels are going to contribute. For super-heavy Dark
Matter particles of mass MX , the lifetime τ is obtained from,
τ =
1
g2MX
(
Mpl
MX
)2
. (6)
In the above, Mpl denotes the Planck mass and g is the coupling constant. Thus,
evaluation of τ , which is the inverse of Γdec, is model dependent. For heavy Dark
Matter particle candidates, the value of τ should be at least 1017 seconds which is
comparable to the age of the Universe. We can now compute the differential flux of
muon neutrino termed as the primary differential muon neutrino flux corresponding
to a single decay channel.
The differential neutrino flux for extra-galactic neutrinos in the present scenario
is given as,
dφEGν
dΩdEν
=
1
4παMX
Γdec
∫
∞
0
ρ0c/H0√
Ωm(1 + z)3 + (1− Ωm)
dN
dEz
dz , (7)
where ρ0 is the present average cosmological Dark Matter density which has a value
1.15× 10−6 GeV/cm3. The quantity c/H0 = 1.37× 1028 cm is known as the Hubble
radius with H0 as the Hubble cosntant. We consider the matter density Ωm = 0.308
[23]. In Eqn. (7) dN
dEz
is the spectrum of the decay product which is evaluated as a
function of the redshifted energy Ez = E(z) = E(1 + z). With
dN
dEz
=
dN
dE
dE
dEz
. (8)
and E = E(z)
1+z
, we have,
dN
dEz
=
dN
dE
1
(1 + z)
. (9)
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The quantity dN
dE
in Eq. (3) and (7) are obtained by numerically solving the Dok-
shitzer–Gribov–Lipatov–Altarelli–Parisi (DGLAP) equations [40–42] related to the
QCD cascade that is produced by the decaying superheavy dark matter. This spec-
trum has two parts namely hadronic and leptonic, originated due to the hadronic and
the leptonic decay channels of the superheavy dark matter. The neutrino spectrum
is given by [23]
dNν
dx
= 2R
∫ 1
xR
dy
y
Dpi
±
(y) + 2
∫ 1
x
dz
z
fνi
(y
z
)
Dpi
±
i (z) , (10)
where the parton fragmentation functions for pions are given asDpii (x, s) (≡ [Dpiq (x, s)+
Dpig (x, s)], i(= q(= u, d, s, ...), g) and D
pi
i (x, s), with x(≡ 2E/mχ) is a dimensionless
quantity with
√
s being the centre of mass energy. The functions fνi(x) in the above
equation are given in [43] and are used in the present computation while R =
1
1− r ,
where r = (mµ/mpi)
2 ≃ 0.573. For present analysis, the flavour ratio of neutrinos at
the Earth is taken to be νe : νµ : ντ = 1 : 1 : 1.
Furthermore, the consequence of late time decay of such heavy mass Dark Matter
has significant implication on the aspect of matter-antimatter asymmetry as well be-
cause it can generate baryon and lepton number asymmetry which satifies Sakharov’s
conditions for baryogenesis [44–46]. To calculate the amount of asymmetry due to
heavy Dark Matter decay, a Boltzmann-like equation needs to be solved to calculate
the rate of baryon number production per decay. The equation is given as follows [44]
d(nb − nb¯)
dt
+ 3
a˙(t)
a(t)
(nb − nb¯) =
ǫnX(t)
τ
, (11)
where, nX(t) is the number density of the Dark Matter particles at the epoch of
redshift z. nb, nb¯ are the baryon and antibaryon number densities, nX is the number
density of decaying DM (with decay time τ) and a is the scale factor. ǫ is the total
baryon number violation per decay. Now from the standard cosmological scaling
relations, the number density of any particle ∼ a−3. With a = 1
1+z
,
nX ∝ (z + 1)3 (12)
nX(t) = nX(t0)
(z + 1)3
(z0 + 1)3
(13)
(t0, z0 are the initial time and redshift respectively). Also,
nγ ∝ (z + 1)3 (14)
nγ(t) = nγ(t0)
(z + 1)3
(z0 + 1)3
. (15)
We define, nX(t0) & nγ(t0) is the number density of Dark Matter particles and photons
respectively at time t0 at redshift z0 after Big Bang.
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Solving this equation for time t0 to t which corresponds to the epochs of the
Universe with redshifts z0 to z within which the baryon-antibaryon difference (nb−nb¯)
evolves, we get,
∆(nb − nb¯) =
ǫnX(t0)
3
[
1− exp
(
−t− t0
τ
)]
(1 + z)3
(1 + z0)
3 . (16)
Defining the amount of baryon asymmetry ∆B as ∆B =
(nb−nb¯)
2g∗nγ(t)
, it can be shown
that (see Appendix),
∆B =
ǫnX(t0)
3 · 2g∗nγ(t0)
[
1− exp
(
−t− t0
τ
)]
. (17)
In the comoving frame, we define t0 = tdec to be the time when the Universe’s plasma
decoupled from the CMB photons at redshift zdec ≃ 1100. Thus, Eqn. (19) is rewrit-
ten as
∆B =
ǫnX(tdec)
3 · 2g∗nγ(tdec)
[
1− exp
(
−t− tdec
τ
)]
. (18)
The number density of Dark Matter particles during the epoch of recombination,
nX(tdec) is given by,
nX(tdec) = nX(0)
(1 + zdec)
3
(1 + z(0))3
, (19)
nX(tdec) =
ρc[Ωm − Ωhot − Ωb(1 + memp )]
MX
(1 + zdec)
3 . (20)
Here, nX(0) is the number density of Dark Matter particles at the present epoch at
redshift z(0) = 0 and ρc is the critical density of the Universe at present epoch given
as,
ρc =
3H0
2
8πG
. (21)
Here, H0 = 67.27 ± 0.60 km sec−1Mpc−1 is the Hubble’s constant [47] and Ωhot is
given by,
Ωhot =
π2
30
g∗TCMB
4 , (22)
where g∗ is known as effective degrees of freedom and TCMB ∼ 2.73 K. τ is the lifetime
of the Dark Matter particle. From Eqns. (13-22) with nγ(t0) = 410cm
−3, the CMB
photon number density, ∆B can be computed for a given set of values of MX and τ .
As mentioned earlier, we have used the best fit values of MX and τ obtained from
the present chi2 fit of IceCube PeV neutrino data.
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3 Calculations and Results
We consider the IceCube neutrino data within in the energy region ∼ 60 TeV -
∼ 5 × 107 GeV for the present calculation. The data are obtained from Fig. 2
of Ref. [1] given by the IceCube Collaboration. The data having neutrino energy
Eν > 20 TeV are referred to as the HESE (high energy starting events) data by the
IceCube Collaboration (IC). The HESE data have been fitted with the single power
law ∼ E−γ and γ is obtained as 2.92+0.33
−0.29 by the IC. However the region between
∼ 120 TeV− ∼ 5 PeV exhibits the different power law and this is designated as the
pink band in Fig. 2 of Ref. [1].
In the said figure the pink band contains three actual data points and a best fit
line whereas the width of the pink band indicated the 1σ uncertainty. In this work
we consider from the pink band region, three actual data points and adopt 12 other
points suitably chosen from the best fit line within the pink band with the widths
of the pink band at a particular point to be the error corresponding to that chosen
data point. The four data points beyond the energy range ∼ 5 ×106 GeV in the
same figure (from IceCube Collaboration) have only upper bounds and the nature of
those four points differs in considerable extent from that of the pink band. We also
consider these points in our analysis. As discussed earlier the UHE neutrino signals
possibly from possible astrophysical sources are also included in the present analysis.
This is represented by two data points of the same figure within the energy range ∼
60 TeV to ∼ 120 TeV. In our analysis, we consider a spectrum of ∼ E−2.9 for the
astrophysical part of the flux.
The χ2 is defined as χ2 =
∑n
i=1
(
E2i φ
th
i − E2i φExi
(err)i
)2
, where φai (=
(
dφν
dΩdEν
)
a
, a ≡
th or Ex) is theoretical or experimental neutrino flux (with error (err)i) for energy
Ei, of the i
th data point of n number of total data points. The chosen data points
are tabulated in Table 1. In Table 1 the data points marked ‘∗’ are the actual data
points given in Fig. 2 of Ref. [1] while the other points are chosen from within the
pink band. Also note that for the last four data points (corresponding to the energy
range ∼ 5 ×106 GeV - ∼ 5 ×107 GeV) no errors are given since only the upper limits
of these four points are given in Fig. 2 of Ref. [1]. However for the present χ2 fit,
the errors for these four points are chosen to be the same as the value of those points
only.
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Energy Neutrino Flux (E2ν
dΦν
dΩdEν
) Error
(in GeV) (in GeV cm−2 s−1 sr−1)
6.13446×104 ∗ 2.23637×108 2.16107×108
1.27832×105 ∗ 2.70154×108 1.30356×108
2.69271×105 ∗ 7.66476×109 8.5082×109
1.19479×106 ∗ 5.14335×109 7.6982×109
2.51676×106 ∗ 4.34808×109 8.4481×109
3.54813×106 5.25248×109 4.1258×109
2.30409×106 5.71267×109 4.1600×109
1.52889×106 6.21317×109 3.9882×109
1.05925×106 6.61712×109 3.7349×109
7.18208×105 7.04733×109 3.9777×109
4.46684×105 7.66476×109 3.6478×109
2.86954×105 8.16308×109 4.1571×109
1.90409×105 8.87827×109 6.2069×109
1.43818×105 9.65612×109 6.8856×109
2.51189×106 4.16928×109 8.2726×109
1.19279×106 5.03649×109 7.5383×109
2.68960×105 7.50551×109 8.1583×109
5.30143×106 ∗ 1.55414×109
1.10473×107 ∗ 4.08265×109
2.32705×107 ∗ 6.08407×109
4.90181×107 ∗ 1.05021×108
Table 1. The chosen data points for the χ2 fit. See text for details.
With these data points the χ2 fit is performed where the theoretical data points
are computed following the formalism discussed earlier. The χ2 analysis includes the
contributions from the astrophysical flux and the flux calculated from the decay of
superheavy dark matter via hadronic as well as leptonic channels and the best fit
values for the mass of the decaying DM and the decay lifetime are obtained. These
best fit values are MX = 1.5461 × 108 GeV and τ = 2.2136 × 1029 sec. The data
points and the best fit curve for the neutrino flux are shown in Fig. 1. The pink band
is also shown in the same figure.
It is to be mentioned that we have made several other fits adopting the data from
different energy zones (Table 1). We find that the region of the pink band is best
represented if we consider only the hadronic channel for the dark matter decaying
to neutrinos [48]. We have also observed from our analyse that the contribution of
the leptonic channel plays a major role in interpreting the last four points of Table
1 while the astrophysical contribution to the flux for the energy range considered is
limited to the energy range ∼ 60 TeV to ∼ 120 TeV (the first two data points in
Table 1).
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Figure 1: The neutrino flux with the best fit values of mx and τ by considering all
points (∼ 60 TeV - ∼ 50 PeV) and both hadronic and leptonic channels. See text for
details.
With the best fit values of MX and τ we now estimate ∆B, the amount of baryon
asymmetry generated out of the superheavy dark matter decay following the formal-
ism given in the previous section (also in Appendix). Thus for MX = 1.5461 × 108
Gev and τ = 2.2136× 1029 the amount of baryon asymmetry is calculated as ∆B =
1.44× 10−10.
4 Summary and Discussions
In the present work, we have considered the UHE neutrino data given by IceCube
between the energy range ∼ 60 TeV - ∼ 50 PeV and proposed the possibility that
these neutrinos could have been produced by the decay of super-heavy Dark Matter
(SHDM). The SHDM can decay to neutrinos by following mainly two cascade channels
namely hadronic and leptonic. It appears that while the neutrino events in the energy
range ∼ 120 TeV - ∼ 5 PeV (pink band) can be best represented by hadronic decay
channel of Dark Matter, the leptonic decay channel is responsible for the behaviour of
the neutrino flux for the energy range ∼ 5 - 50 PeV. We also include the astrophysical
flux (with power law behaviour ∼ E−2.9) in our χ2 fit for the IC flux in the energy
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region considered ∼ 60 − 120 TeV in this work. From the χ2 fit with the hadronic
and leptonic decay channels for SHDM decay as well as the astrophysical flux, the
best fit values for MX , the mass of SHDM and τ , the decay lifetime of SHDM are
obtained.
The decay of SHDM may invoke the baryon asymmetry in the Universe. The
measure of the baryon asymmetry in terms of SHDM mass and decay lifetime is
obtained analytically and then the estimation for the same is computed for the best-
fit values of SHDM mass and decay lifetime obtained from the present analysis. This
may be mentioned that the parameter ǫ which denotes total baryon number violation
per decay in Eqn. (11) (and in other Eqns. that follow) is important in the sense
that it embeds the effect related to the possible CP violation which is responsible for
the generation of baryon asymmetry. The value of baryon asymmetry thus computed
is found to be in the same ball park as given by PLANCK [47] observational results.
Thus we make an attempt in this work to explain the UHE neutrino events at
IceCube to have originated from the decay of SHDM and predict the generation of
baryon asymmetry from such a scenario.
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Appendix
A Solving the Boltzmann-like Equation
In order to calculate the amount of baryon asymmetry due to heavy Dark Matter
decay, a Boltzmann-like equation needs to be solved to evaluate the rate of baryon
number production per decay. This is given as follows [44]
d(nb − nb¯)
dt
+ 3
a˙(t)
a(t)
(nb − nb¯) =
ǫnX(t)
τ
, (23)
where, nX(t) is the number density of the Dark Matter particles at the epoch of red-
shift z. It is easily recognisable that the above equation is a first order homogeneous
linear differential equation of the form,
dy
dt
+ Py = Q , (24)
11
where,
y = (nb − nb¯) ,
P = 3
a˙(t)
a(t)
,
Q =
ǫnX(t)
τ
. (25)
We solve the Eqn.(23) defining an integrating factor (I.F.) of the form,
I.F. = e
∫
Pdt . (26)
The solution of the equation would be,
y × I.F. = Q
∫
I.F.dt (27)
From Eqn. (25), P = 3 a˙(t)
a(t)
and thus,
e
∫
Pdt = e
∫
3
a˙(t)
a(t)
dt
= a3 . (28)
From Eqn. (27), the solution is now written as,
ya3 =
ǫnX(t)
τ
∫ t
t0
a3dt , (29)
where, t0 and t are the corresponding times elapsed since Big Bang for the redshifts
z0 and z respectively. Here, z0 is the earlier epoch which can be related to the epoch
when the baryon asymmetry was generated and z could be any later epoch of the
Universe.
Since during the generation of baryon asymmetry, the Universe is expected to be
matter-dominated, from the well-known cosmological scaling relations, we know that
for a matter-dominated Universe,
a ∝ t2/3 ;
a3 = a0t
2 . (30)
Substituting for a in Eqn. (29),
ya0t
2 =
ǫnX(t)
τ
a0
∫ t
t0
t2dt ;
ya0t
2 =
ǫnX(t)
τ
a0
a0
3
(t3 − t30) ;
y =
ǫnX(t)
τ
1
3
(t− t0)
(t2 + tt0 + t
2
0)
t2
;
y =
ǫnX(t)
3
t− t0
τ
[
1 +
t0
t
+
t20
t2
]
. (31)
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By definition, t0
t
and
t20
t2
<< 1 ≃ 0. We can approximate,
t− t0
τ
= 1−
[
1− t− t0
τ
]
≃ 1− exp
(
−t− t0
τ
)
(32)
Therefore, Eqn. (31) takes the form,
y =
ǫnX(t)
3
[
1− exp
(
−t− t0
τ
)]
(33)
Using the relation defined in Eqns. (12-13), it will have a final form which is given
below.
y =
ǫnX(t0)
3
(z + 1)3
(z0 + 1)3
[
1− exp
(
−t− t0
τ
)]
;
y = (nb − nb¯) =
ǫnX(t0)
3
(z + 1)3
(z0 + 1)3
[
1− exp
(
−t− t0
τ
)]
. (34)
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